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UNIFORMIZATION OF ^-BUNDLES 



JOCHEN HEINLOTH 



Abstract. We show some of the conjectures of Pappas and Rapoport concern- 
ing the moduli stack Bung of CJ-torsors on a curve C, where (7 is a semisimple 
Bruhat-Tits group scheme on C. In particular we prove the analog of the 
uniformization theorem of Drinfeld-Simpson in this setting. Furthermore we 
apply this to compute the connected components of these moduli stacks and 
to calculate the Picard group of Bung in case Q is simply connected. 



o . 

^^ ' The uniformization of the nioduh stack of principal bundles on a smooth pro- 

jective curve C by the affine Grafimannian proved by Drinfeld and Simpson [11] 
^v^ ' has been proven to be a very useful tool { [1] , [IH] , [S] ) • More recently the moduli 

spaces of torsors under non-constant group schemes over a smooth projective curve 
have been considered, in particular in the case of unitary groups. Motivated by 
their work on twisted flag manifolds [5T] Pappas and Rapoport conjectured [52] 
that these moduli spaces should have a similar uniformization by twisted affine flag 
(-H I varieties. Furthermore, they made conjectures on the geometry of the moduli stack 

of torsors under such group schemes which generalize those results on the moduli 
of principal bundles which have been proven using the affine Grafimannian. 

As a first step towards these conjectures we want to explain a generalization of 
the approach of Drinfeld and Simpson |11| to this situation. 
CN| ' To state our results we need to introduce some notation: We fix a smooth projec- 

^ I five curve C over a field k. Let Q be a smooth affine group scheme over C satisfying 

^^ • the following conditions: 

tH- . (1) All geometric fibres of Q are connected. 

TJ" ' (2) The generic fiber of Q is semisimple. 

(3) Let Ram(5) C C be the finite set of points x E C such that the fiber Qx is 
not semisimple and denote by Ox the complete local ring at x. Then C^,^ 

^— V I is a parahoric group scheme over SpecO^; as defined by Bruhat-Tits ([7], 

Definition 5.2.6). 

We will call such a group scheme a (parahoric) Bruhat-Tits group scheme over C. 
^^ ■ We will denote by Bung the moduli stack of tj-torsors on C. 

JH , To motivate the study of these group schemes, let us recall the basic examples, 

which also provide alternative interpretations of some better known moduli spaces: 

Examples. (1) The standard examples are constant group schemes: For a 

given semisimple group G over k we may consider the group scheme G := 
G X C. In this case Bung is just the space of G-bundlcs on C. Similarly 
any G-torsor V on C defines a group scheme AntciV/G) over C, which 
again is a Bruhat-Tits group scheme. 
(2) Moduli spaces of parabolic bundles are also of the form Bung: Again one 
starts with a semisimple group G over fc, together with a finite set of points 
Xi € G and choices of parabolic subgroups Pi C G. In this situation Bruhat- 
Tits construct a group scheme Q over G together with a map Q ^ G x G 
such that the image of Qx^ in G — G x Xi is the subgroup Pi and the 
Oc,xi-y8lued points G{Oc,xi) are given by the Oc^; -valued points of G x C 
which reduce to elements of Pi modulo the maximal ideal of Oc,xi i-e., 
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2 JOCHEN HEINLOTH 

the corresponding parahoric subgroup in G{Oc,xi)- (The construction of 
Bruhat-Tits is most often phrased over a complete valuation ring. However, 
for the present example T] Theoreme 3.8.1 can be applied, if one notices 
that the extensions of the root groups Ua are defined over C.) 

(3) More interesting examples are obtained by taking Weil restrictions and 
invariants: If tt : (7 ^ C is a generically etale covering of C and Qq is a 
group scheme over C of the types described above then the Weil restriction 
Res^/(^5o ~ i-e., the group scheme whose sheaf of sections is given by the 
sheaf push- forward tt, Qq - is again a parahoric group schemqj. Such group 
schemes are called induced group schemes. 

Moreover, if tt : C — > C is a tamely ramified Galois-covering with group 
r, acting on a semisimple simply connected group G then one can take 
invariants ReSjj/p (GxC)'" to obtain another example of Bruhat-Tits group 
schemes. In particular if F = Z/2Z and G — SL„ then one can obtain the 
quasi-split unitary group SU^ /^(n) in this way. Here Bung classifies vector 

bundles on C equipped with a hermitian form. 

(4) The construction of the previous point is interesting, even for tori (these 
groups are not semisimple). If one starts with the trivial torus Gm on C 
then finds groups T the torsors under which are parametrized by Prym- 
varieties. 

Our main theorem is the confirmation of the uniformization conjecture of Pappas 
and Rapoport, which holds over every ground field k: 

Theorem 1. Fix a closed point x £ G. Let S be a noetherian scheme and V G 
Bung(S') a Q-torsor on G x S. Then there exists a faithfully flat covering S' —^ S 
such that V\ic-x)xS' ^^ trivial. 

Some of the conjectures concerning the geometry of Bung can be deduced from 
the above result. To formulate these let us denote the generic point of C by 77 := 
Spec(/c(C)) and by rj :— Spec(fc(C)*'°P) the point of a separable closure of k{G). 

Theorem 2. If G,^ is simply connected, then Bung is connected. 
For general Q we have: 

7ro(Bung) = 7ri(t/^)Gai(fe(C)='=p/fc(C))- 

For curves over finite fields, Behrend and Dhillon showed (0 Theorem 3.3 and 
3.5) that under some additional hypothesis on Q the above theorem would follow, 
if one could prove that the Tamagawa number of Q equals the number of elements 

of 7ri(C/ij-)Gal(fc(C)='^P/fc(C))- 

Theorem 3. Assume that k is an algebraically closed field and that Qk(C) ** 
semisimple, absolutely simple and splits over a tamely ramified extension. For any 
X £ Ram(5) denote by X*{Qx) '.— Hom(^^,(Gm) the character group of the fibre of 
Q over x. Then there is an exact sequence: 

0^ n ^*(ex)^Pic(Bung)^Z^O, 

a:(ERam(t5) 

where the right arrow can be computed as a multiple of the central charge homo- 
morphism at any given point x £ C. 



Let us sketch how to see this: Pick a split maximal torus Tq C (/o- The main point is to note 
that adjunction gives a canonical isomorphism of cocharacter groups X*(7r*7b) — ^*{To)- Also 
the question is local, so we can restrict to Spec{Oc,x)- There, one can check explicitly that the 
Weil restriction of the root groups Ua are the extensions needed for tt, (C/q)- 
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Here the central charge homomorphisni at a point a: G C is given by puUing back 
a line bundle on Bung to the affine flag variety parameterizing bundles, together 
with a trivialization on C — a; and then applying the central charge homomorphism 
on the flag variety as constructed by Pappas and Rapoport Qlj Section 10. This is 
recalled in more detail in Section 5 below. 

Finally, again assuming that Gk(c) splits over a tamely ramified extension of 
fc(C), we also prove an analog of the existence of reductions to generic Borel sub- 
groups ([TT] Theorem 1) in the case of Cy-torsors, see Corollary [551 

We would like to stress that these theorems are well known in the case of constant 
group schemes and a considerable part of the proofs of our results follow the lines 
of the proofs in this special case. The main difference of our approach is that 
we avoid the reduction to Borel subgroups in our proof. Instead of this we use a 
variant of the "key observation" in pi] to show that every tangent vector to the 
(twisted) affine flag manifold lies in the image of a map of the affine line into the 
affine flag manifold. The applications to the geometry of Bung are variations of the 
arguments in the case of constant group schemes, as explained in Faltings' article 
[16j - of course some technical problems arise here. For example we find that the 
central charge morphism may not be independent of the point a; G C, but it may 
drop at points in Ram(C7). 

Note added on revised version: We will see that the proof of the uniformization 
theorem (Theorem [ij does not use the assumption that for x £ Ram(C7) the group 
G\o^ is parahoric, so general connected Bruhat-Tits groups would do here. In the 
other theorems, we do however make use of the additional assumption. 
Acknowledgements: I thank M. Rapoport for explaining the conjectures formu- 
lated in 22J to me and G. Harder for his explanations on Bruhat-Tits groups. I 
thank N. Naumann, a discussion with him on a related question in an arithmetic 
situation was the starting point for this article. Furthermore I am indebted to Y. 
Laszlo. He suggested many improvements on a previous approach to the main the- 
orem of this article, in particular he suggested an argument helping to avoid the 
use of the strong approximation theorem and reduction to positive characteristics. 
I thank A. Schmitt his comments. I am indebted to the referee for many comments 
and corrections. 

Notations: S will denote a noetherian base scheme defined over a field or an 
excellent Dedekind domain (for all our purposes it will be sufficient to assume that 
this is either the spectrum of a field or a smooth curve over a field). 

C —>■ S is smooth, projective, absolutely irreducible curve over S, i.e., the mor- 
phism C — > S* is smooth, projective of relative dimension 1, such that all geometric 
fibres are connected. 

For any 5'-scheme T we will denote the base change from S* to T by a lower index 
T, e.g., Ct = C XsT. If T = Spec(_R) happens to be affine then we will denote the 
base change to Spec(i?) by a lower index R, e.g., Cr '■— C xs Spec(i?). 

For a smooth, affine, group scheme Q over C we will denote by Lie{Q) its Lie- 
algebra, which is a vector bundle over C. 

Given a t/-torsor V onC and a scheme F —> C, affine over C on which Q acts, we 
will denote hy V x^ F the associated fibre bundle over C, i.e., V x^ F := V XcF/Q 
where Q acts diagonally owV Xc F. Since V is locally trivial for the etale topology 
descent for affine schemes implies that the quotient V Xc F/Q is a scheme. 

Also we will write V^^iw for the universal ^-torsor on Bung xC. 

1. Preliminaries on moduli stacks of torsors 

In this preliminary section we recall the basic results concerning the moduli 
stacks Bung that we will frequently use: 
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Proposition 1. Let Q he a smooth affine group scheme over C , which is separated 
and of finite type. Denote by Bung the stack of Q-torsors on C. Then Buiic; is a 
smooth algebraic stack, which is locally of finite type. 

Proof. This is certainly well-known, but I couldn't find a reference, so let us briefly 
indicate why Artin's criteria (PDl CoroUaire 10.11 and Remarque 10.12, where one 
also finds the necessary references on deformation theory) hold for Bung : First we 
need to check that given a S'-scheme T, and 'P,Q<E Bung(T) the sheaf Isom('P, Q) 
is representable. Considered as sheaf over C x T the CJ-isomorphisms of V and Q 
are given by 7^ x^ Q = {V x Q)/Q (where Q acts diagonally on P x Q), which 
is affine over C x T. Thus the sheaf Isom(7-', Q) is the sheaf of sections over C of 
{Vx^ Q). This sheaf is representable by an separated scheme of finite type, because 
C is projective. Thus we have shown that the diagonal of Bung is representable, 
separated and of finite type. 

To verify the other criteria, we need to recall deformation theory of t/-torsors: 
Let A be a local Artin ring with Spec(^) -^ S. The maximal ideal of A is denoted 
m and denote the residue field A/m ~ k. Let I c A a,n ideal with /m = 0. Let 

V G Bung (A//) and denote the special fibre of this family by Pq '■= 'Pk- Finally 
write Ad{'P) :~ V x^ Lie(t/) for the vector bundle defined by V via the adjoint 
representation of Q. 

We need to study the possible extensions of "P to a family V € Bung (A) . There 
exists an etale covering U -^ C with U affine, such that Voluk — G '^ Uk is triv- 
ial. Applying the lifting criterion for smoothness to T' ^ C^^j, we find that this 
trivialization can be lifted to a trivialization of 'Pjc/^,^. 

Thus P is given by a Cech-cocycle gjj G G{{U Xc U)a/i)- Again, U being affine 
and Q being smooth, this 5 can be lifted to an element g G G{{U Xq U)a), and 
the possible such g form a torsor under H^{U Xc C/)^//, Ad('P) ®a/i I)- The 
obstruction to modify g to satisfy the cocycle condition defines an element in 
i/^(C^//, Ad(7') <E)A/i I) = 0. So we see that we can aways find an extension 

V e Bung (A). Moreover, we see that the possible extensions V oi V are pa- 
rameterized by H^ {C A/ 1 T A^iV) ®A/i I), and the automorphisms of such exten- 
sions (i.e., automorphisms of V, inducing the identity on V) arc parameterized by 
i/°(C^/7, Ad(P) <S)A/i I)- Since the groups i/*(C, Ad (T'q)) are finite dimensional 
vector spaces, this implies that for every ^-torsor Vo £ Bung(A:) there exists a ver- 
sal deformation. Any such formal deformation is algebraizable by Grothendieck's 
existence theorem (EGA III, Section 5). 

Finally we need to check that versality is an open condition. In the above 
discussion we already noted that for every Vq G Bung(fc) the fibre of tangent stack 
(which by definition is the algebraic stack given on affine schemes by Spec(i?) 1— > 
Bung(i?[e]/(e^)), see [20^ Definition 17.13) is isomorphic to the stack-quotient of the 
vector spaces [H^{Ck,Ad{'Poj}/H°{Ck,Ad{'Poj)]. Since C is a curve, the formation 
of Il^pt, Ad(7') commutes with base-change. In particular for a family Spec(i?) -^ 
Bung to induce a surjection on tangent spaces is equivalent to the condition that the 
induced Kodaira-Spencer-map from the tangent sheaf of Spec(_R) to the pull back 
of R^PBung.* Ad(7'univ) to Spec(i?) is surjective and this is an open condition. D 



2. Preliminaries on twisted affine flag manifolds 

We will need to use the construction of loop groups and twisted flag manifolds in 
families. This is well known for constant groups see e.g., the Appendix of p^, so we 
just have to check that a similar construction works in our situation, in particular 
at those points of C where the group scheme is not semisimple. Similarly we 
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have to give the analog of the inoduh interpretation of the afiine Grafimannians, 
parameterizing torsors triviahzed outside a point of C . 

In this section we will assume that our family C ^ S has a section s: S -^ C 
and TT : ^ — > C will be a smooth afiine group scheme over C. 

In order to reduce to the case of GL„ we have to make some technical assump- 
tions, these will automatically be satisfied in the situation considered in the intro- 
duction. 

Assumption 1. (1) The conditions of [21J Proposition 1.3 are satisfied for our 

family i.e.: There exists a vector bundle £^ on C and a faithful representation 
p: Q -^ GL{8) X G,„ such that p is a closed embedding and the quotient 
Q = (GL(£) X Gm)/t/ — > C is representable and quasi-afhne. 
(2) Denote by Oc[^] the Oc-algebra of functions on Q. Assume that locally in 
the Zariski topology on C there exist vector bundles £,I on C which are 
C'ci^l-comodules (i.e., Q acts on £,I) and a C/-equivariant exact sequence: 

1 ® Sym* £ -^ Sym* £ -^ Oc[Q] ^ 0. 

To relate this to condition (1), note that given a vector bundle £q on C and 
a faithful representation p: Q -^ S\-{£q) then we get a closed embedding 
i: Q —^ SL(£^o) — * ^nd(£o) and denote the ideal sheaf of i{Q) by 2o- Then 
we can can use £ := £ nd(£'o) and then choose a (/-equivariant vector bundle 
(j): X —f Xq such that the image of generates Iq . 

Examples. We are interested in the following situations: 

(1) C/k and Q are as in the introduction and s G C(fc) is a rational point. 
This is the situation considered in [3T] Section l.b. Since C is regular of 
dimension 1 the group scheme G always admits a faithful representation 
as above, at least locally as is shown in loc.cit. by considering a sub- 
representation of the regular representation tt, (Og) of Q. Given an open 
subset U C C any representation on a vector bundle £u ^-> Tr^{Og)\u 
defined over U extends to the flat closure £ C 7r*(Og). Thus, taking a 
direct sum of such representations we also find that G has a faithful rep- 
resentation over C. The assumption on the quotient Q is unchanged if 
we add representations, because given two vector bundles £i , £2 we have 
GL{Ei®E2)/G = GL(fi ©fa) xGL(£i)xgl(£2) gL(£:i) x GL{£2)/G and the 
quotient GL„j-|_„2/GL„j x GL„2 is affine. 

(2) Given C/k and G/C as in (1) we can vary the point in C as follows. Consider 
the constant family prj : C x C ^ S := C given by the projection on the 
second factor together with the diagonal section A: S = C ^ C x C and 
Gc '■= G X C ^ C X C . The representation from (1) can be pulled back to 
C X C, so again the extra condition is automatically satisfied. 

(3) Given C/k and G as in (1) we can extend everything to a family over a 
finitely generated Z-algebra: The schemes C,G, the section s, the faithful 
representation and the quasi-afhne quotient are defined over some finitely 
generated Z-algebra A and we can take S = Spec(A). The same holds for 
the second assumption. 

Let us fix a notation for completions. Given an affine scheme X — Spec{A) 
and a closed subscheme Z = Spec (A//) C X, we denote by Xz '■— Spec (A/) the 
spectrum of the completion of A along /. We use the same notation for non-affine 
X ii Z is contained in an affine subset oi X. If Z is given by the image of a closed 
embedding s: Z — > A we write A^ := Xg(^z)- In particular in our situation Cs is the 
completion of C along s and we denote by C* := C — s the complement of the image 
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of the section s. We define the following functors on afhne schemes T — Spec(i?) 
over S: 

(1) L+giT):^g{{C^)^,^). 

(2) LGiT) := g{{C^)^,^ xc (C)) 

(3) GRg{T) := {Lg/L+g)*{T), where the sheaffification * is taken in the 
fpqc-topology. 

In particular if S" — Spec(fc) and ^ = G x C is a constant group scheme then these 
functors coincide with the classical loop groups and the affine Grafimannian. 

Proposition 2. Under Assumptions^ we have: 

(1) The functor L^g is representable by an S-scheme. 

(2) The functor Lg is representable by an ind-scheme over S. 

(3) The functor GRg is representable by an ind-scheme over S and the mor- 
phism Lg —r GRg admits local sections in the Stale topology. 

Proof. The questions are local in S, so we may assume that S — Spec(74) is afHne, 
that the vector bundle £ from Assumption[T](2) is trivial on an open neighbourhood 
U C C oi s and that there exist a function t on U , which is a local parameter at s 
i.e., such that s is the subscheme defined by t. 

In this case we may argue as in the case of constant group schemes: The rep- 
resentation p defines a closed embedding g\u C Ag ' xs U. We have defined 
X+A"(i?) = i?[[i]]("+^^ so this functor is represented by an infinite affine space 

riiGN-'^s and the subfunctor L^g{R) = g{R[[i\]) is given by an infinite set of 

polynomial equations, so it is again representable. 

The same argument holds for the ind-scheme Lg-. In the case oi g = GL„ 
the functor Lg is the union of the subfunctors given by those matrices for which 
the entries are Laurent series of the form X]i>-Ar ^ii*, which are representable for 
every N . In the general case we use a representation g C GL„ to describe the 
functor Lg as a subfunctor of LGL„, given by polynomial equations. In this way 
we obtain ind-schemes, defined over open subsets of S. Note that the schemes 
occurring in the inductive limit glue, because we can compare the different choices 
of local parameters on the intersections. This is because a different choice of a 
local parameter t' G Ou can be expanded as a power series in Ou,s — ^[M] as 
t' = at + X)i>i Q^i** with a ^ A* . In particular t'~ = t~^{a -\- X]i>o Q^i-i-i^')~^ and 
the second factor is an invertible powerseries, so we see that the different choices 
of t respect the subfunctors defined above using the pole order. So we can glue the 
subschemes to obtain an ind-scheme over S. 

Finally the argument for the affine GralBmannian given in [21] Theorem 1.4 
generalizes as well: By Assumption[T]we have an embedding g C GL„(£^) xG„i =: H. 
such that the quotient Q = 7i/g is quasi-affine over C, i.e. Q is an open subscheme 
of a scheme Z, which is affine over C. Since g is smooth the map p: 7i — > Q is 
smooth, so we can lift any section of Q locally in the etale topology to a section of 
Ti. Since for any henselian local Spec(i?) ^ S we can find a local coordinate for the 
section sr we obtain L~^Q{R) — Q{R[[t]]) and R[[t]] is again henselian. Therefore 
we find L+Q = L'^Ti/L'^g as fpqc-sheaves. 

We write Lq: LH — > LQ for the map induced hy q: H -^ Q and cq: S ~^ 
L^Q C LQ for the section induced by the neutral element of LJi. Note that 
Lg = {Lq)-\eQ). 

By construction L^ Z ^^ LZ is a closed subscheme, so that L^Q C LZ is 
locally closed. Therefore the preimage {Lq)~^{L^Q) C LTi is a locally closed 
sub-ind-scheme, which is L+7i invariant. Also any element h E {Lq)^^ {L^ Q){R) 
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defines Lqih) G L^Q{R), so etale locally on R we can write h ~ g ■ h^ with g G LQ 
and h G L+7^. 

Since the L+7i-torsor LTC -^ GR-h is Zariski-locally trivial, this implies that the 
image Y of Lq~^{L^Q) in GR-^ is again locally closed. We already noted, that 
LQ maps to Lq^^{L^Q), so that we get a map tt: LQ — > Y and we claim that this 
identifies LG/L+G ^ F: 

First, since L^Q C L^H, the map tt factors through GRg. Let us show that 
the map has sections locally in the etale topology. The map LH -^ GR-^ being 
a Zariski locally trivial L+7i-torsor, we can lift any i?-valued point of Y Zariski 
locally to a point of Lq~^{L^Q) and locally in the etale topology we have just seen 
that up to multiplication by an element of L^Ti such a point can be lifted to LQ. 

Finally, any two elements ft-, h' in a fibre LQ -^ Y differ by an element of LQ n 
L^(7i) = L'^Q, so the map LQ -^ F is indeed a L+C/-torsor. D 

Notation. If C is a curve over S — Spec{k) any point x G C{k) can be viewed 
as a section of C ^ Spec(/c). In this case we will denote by Grg^^^ the ind-scheme 
over S = Spec(fc) constructed above. Note that in the setting of example (2) this 
can also be viewed as the fiber of GRg over x. Similarly LQ^ will denote the fiber 
of LQ over x. This is a slight abuse of notation, we really consider {LQ)^, which is 
the loop group as defined in [5T] and not the standard loop group of the fiber Qx , 
which would be a loop group of a possibly non-semisimple group. This should not 
cause confusion, since the letter Q indicates that we are working with non-constant 
group schemes. 

Remark 3. Note that if Qx is not semisimple, then Grg^^, is a (twisted) affine flag 
manifold and not an afflne Grafimannian. In particular the family GR constructed 
above is different from the family used by Gaitsgory [T3] to construct the center 
of the Iwahori-Hecke algebra. In particular the above family does not contain the 
extra G/-B-factor in the fibres over those points where Qx is semisimple. 

Next, we need to recall the construction and the basic properties of the map from 
the twisted affine fiag manifold to the moduli stack of Q torsors. This is certainly 
well-known, however we could not find a reference for the case of non-constant 
group-schemes. 

Proposition 4. (1) The ind-scheme LQ represents the functor given on noe- 

therian rings R over S by Q-torsors P on Cr together with trivializations 
on Cr — sr and the formal completion Cg^ ■ 

(2) The ind-scheme GRg represents the functor given on noetherian rings R 
over S by Q-torsors together with a trivialization on Cr — sr. In particular, 
there is a natural forgetful map p : GRg — > Bung . 

(3) The map p : GRg — > Bung is formally smooth. 

(4) For any point x G C(fc) the map Px '. Grg^a; — > Bung is formally smooth. 
In particular, let P G Grg^^^ be a point defining the Q-torsor px{P) —'. V on 
C , then the map p induces a surjection of tangent spaces 

dpp:TGr,,^,p^H\C,V x^UeiQ)). 

Proof. First of all, given a ^-torsor P on Cr, together with trivializations on Cr — 
sr and Cs^ the difference of the two trivializations on Cs^ ^Cr (Cr — sr) is an 
element of LQ{R). Furthermore if we change the trivialization on Cs^ we obtain 
the corresponding element in LQ{R) by multiplication with an element oi L^Q(R). 
Similarly, if only a trivialization on Cr — sr is given, we can etale locally on R 
choose a trivialization of P on Cs^ and this defines an element in GRg which is 
independent of the chosen trivialization. 
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To prove parts (1) and (2) of the proposition, we therefore have to give an inverse 
to this construction, i.e. we have to construct the map p. 

Since GRg is the inductive limit of noetherian schemes it is sufficient to construct 
the map p on T- valued points, where T = Spec(i?) is a noetherian afhne S'-scheme 
(for non-noetherian rings one may use the technique of Beauville-Laszlo [3] , but we 
will not use this). Furthermore, since LQ — > GRg admits local sections in the etale 
topology, it is sufficient to construct an LQ'^ equivariant mapp: LQ{R) — > Bung;(i?) 
for noetherian S'-algebras R. 

Since R is noetherian the morphism (Cr)^ U {Cr — sr) — > Cr is a faithfully 

flat, quasi compact covering and LQ{R) = Q{{{Cr)^ ) Xc^ {Cr — sr)). 

To apply descent theory to this covering some care is needecO- Let us write 
U :— {Cr)^ U {Cr — Sr). a descent datum for the trivial 5-torsor on U is an 
element of Q{U Xc U) satisfying a cocycle condition in Q{U Xq U Xc U). One 
component oi U XcU is the selfintersection of the completion {Cr)^ over C. The 
following lemma explains how any element of LQ{R) can be used to define a gluing 
cocycle on this scheme: 

Lemma 5. R he a noetherian S -algebra. Let C'/S be smooth curve, s: S —> C a 
section. Write Dr := {Cr)^ , C :~ C — s and Dr :~ Dr Xc-^ {Cr). 

Then Dr Xc^ Dr = Dr U^ Dr i.e., the following is a pushout- diagram of 
schemes: 

Dr- I^M 



Dr Xca Dr ^ Dr X Cr Dr 

Proof. First, the question whether Dr x^^Dr represents the push out of the above 
diagram is local in the Zariski topology on S. Moreover, the above fibred products 
only depend on a Zariski open neighbourhood of sr so we may further assume that 
C — Spec (A) is affine and that there exists t ^ A which is a local parameter at sr. 
Furthermore all schemes in the above diagram are affine, so the claim is equiva- 
lent to the dual statement that we have a pull-back diagram of rings: 



mt))^ R\ 



[t]] 



Riit)) (^A, Rm) - — mt]] ®An RM]- 

So we have to show that given an element J2Rii^) ^ Qi{t) G Rii^)) ®Ar R{{t)) 
such that Y.Pi(f)Qi(fil e R[[t\] C R{{t)) we can find pi,qi G R[[t\] such that 

First note that t € Ar so we may assume that Qi — X^^o ^i,"''" with bi^ = 1 G 
R. Write Pi{t) = Y^^=-n- ^i,nt^ ^'^d do induction on the maximal pole order A'' of 
the P,. Write 

^P^{t)®Q^{t)= Yl a^,Nt-'^®l+ ^ a^,Art"^ «> (Q, " 1) 
i {i\ni=N} {i\ni=N} 

+ Y^ {Pi-a,^Nt~''^)®Qi+ J2 P^®Qi- 

{i\ni=N} {i\ni<N} 



I would like to thank Y. Laszlo for pointing out this problem 
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Since '^Pi{t)Qi{t) G R[[t]] we see that Xli'^i.JV — 0, so the first term in the 
above sum vanishes and the other terms have poles of lower order. This proves our 
claim. D 

Given g e 0(1)^) = Lg{R), the element pr\{g) x prl{g-^) e g{bR Xc« Dr) 
restricts to the identity on the diagonal Dr C Dr 'Xcr Dr, which clearly extends 
to Dr. By the above lemma prl{g) x ^^2(3^^) therefore defines an element gi^i £ 
GiDRXcDR). 

We claim that this is the gluing cocycle needed to apply descent as indicated 
before the Lemma. Namely g{U Xc U) — Q{Dr, Xcr Cr) x Q{Dr Xc^ Dr) x 
Q{Cr >^Cr Dr) X G{Cr.) and we have constructed the element {g,gi^i,g^^,l) in 
this group. It is easy to verify that this element satisfies the cocycle condition on 
U XcrU XcrU, for example on Dr Xc^ Cr Xcn Dr ^ Dr Xc^ Dr we have 
P'^hig) ■ P'^hig'^) = Pfhidi.i) because pr-^^^ is just the inclusion Dr Xc„ Dr -^ 
Dr XCr Dr. This example already shows that the cocycle condition forces us to 
use the element gis G Q{Dr xqr Dr). 

In particular if ^ = GL„ x C, then Bung is the stack of vector bundles on C and 
thus fpqc-descent for vector bundles gives (1) and (2). 

For general Q we use our Assumption [1] (2) in order to apply a Tannaka type 
argument: Consider the exact sequence of ^-comodules 

(2.1) X Sym' f -^ Sym* £ ^ yl ^ 0. 

In particular the representation p defines a map LQ{R) — > LGL„(_R) and thus we 
get gluing cocycles for the vector bundles £ and I on our faithfully flat covering. 
Therefore this data defines vector bundles Sr, Xr on Cr together with a map 
Ir (3 Sym* £r -^ Sym' £r. The cokernel A'r of this morphism is an algebra on 
C X R, which is locally isomorphic to Ar and the ^^-comodule structure also 
descends to Cr. Thus Spec(^'^) is a t?-torsor on Cr. Note that we only assumed 
that the sequence 12. II exists locally on C, so this construction defines a G torsor on 
an open neighbourhood Us of the section s, together with a trivialization on Us — s. 
Since the trivial torsor extends canonically to C — s this is sufficient to construct 
p. This proves (1) and (2). 

Part (3) and (4) of the proposition follow from (2) by the lifting criterion for 
formal smoothness: Again, since Bung is locally noetherian, we may restrict to 
noetherian ^-algebras R. Let / C -R be a nilpotent ideal and let P be a ^-torsor on 
Cr. By (2), a preimage of VICr^j under p is given by a section of V\Cr/j. Since 
V — > Cr is smooth and Cr is affine we can apply the lifting criterion to Cr/j to 
obtain that any such section can be extended to a section over Cr. D 

The following is an application of the key observation 9.3 in [5T]: 

Lemma 6. Assume that Qk{c) ^■s simply connected. Let x ^ C be a closed point and 
denote by K^ the corresponding local field. Finally let g G Grg^2:(fc) be a geometric 
point. 

For any finite dimensional subspace V C T(^Q^g ^j g there exist a map f: A^ -^ 
LQx -^ Gvqx which induces a surjection df : A^ -« V. 

Proof. Since by definition of Gr^; the group LQ^ acts transitively on Gr^: we may 
assume that g = 1 £ Gr^^- 

Let V be an element of Tgi-^^i i.e. v € Gr2;(A;[e]/e^). Since the morphism LQ^ -^ 
Gtx admits sections in the etale topology, we may choose a preimage v G LQ{k[e]/e'^) 
with V = 1 mod e. In order to lift ?; to a morphism of A^ -^ LQ^ we apply the 
same reductions as in [5T] Section 8.e.2 and 9. a: 



/-rf \ /I _c 
^ 0=0 1 

Vo -y Vo 


-d 

c 
1 


shows the claim in this case. 
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Since Q is simply connected, there exist finite extensions Ki/K^ such that we can 
write Qk^ = Yl^'^^Ki/K^Gi where Gi are absolutely simple and simply connected 
groups over Ki. In particular to prove the Lemma we may assume that Qk^ is 
absolutely simple. 

We may assume that A: = fc is algebraically closed. Then the group Qk^ is 
automatically quasi-split (Pl] p. 78, last paragraph or [18 Proposition 10.1). In 
this case, as in the construction of the Bruhat-Tits group scheme, we have an open 
embedding U^ x T x U ^ Qk^ , where T is a maximal torus of Qk^ and U,U~ 
are products of root subgroups. Since LQx{k[e]/{e'^)) = Gx{k[e]/{e^){{t))) and v 
mod e e U~ X T X U we know that veU~xTxUc Qk^ ■ 

Since U and U^ are affine spaces it is sufficient to show that every element 
T{k[e]/{e^){{t))) can be lifted to an element of gx{k[e]{{t))). 

Now Qx is simply connected and therefore T splits into a product of induced 
tori. Thus, as in [21 proof of 9.3 we may reduce ourselves to the case Q — SL2 or 
Q — SU3. li Q — SL2 the formula: 

c \ _ fl c\ f 1 0\ fl c\ fO -1 
c-7 ~ [0 l) 1^-c-i l) [0 l) yi 

shows that any element of T(fc[e]/(e^)((i))) can be lifted to an element of SL2(fc[e]((i))). 
Similarly ii Q = SU3 is the unitary group for a quadratic extension K'-^/K^ formula 
(9.13) in ^ (we denote the generator of Ga.\{K'^/K.j;) by ~): 



1 

D 

Remark 7. Note, that if in the above construction the groups Q,T,U and the 
decomposition of T into a product of induced tori are defined over a ring R instead 
of a field k, then the map A" — > LQ^ will also be defined over R. 

Corollary 8. Assume that Qmc) ^^ simply connected. Let V G Bung(fc) he a Q- 
torsor which lies in the image of the map Grgj. —>■ Bung . Then there exists a 
smooth neighbourhood p : U-p —>■ Bung of V such that U-p C A" and the map p can 
be lifted to p: U-p — » Gtqx -^ Bung. 

Proof. In the proof of Proposition [T] we have seen that the tangent stack to Bung 
at V is given by [H^{C,r x^ Ue{g))/H°{C,r x^ Lie(^))]. By our assumption 
there exists a prcimage {V,4>) G Grg^xik) of V. Since the map Grg^^, — > Bung is 
formally smooth, there exist a finite dimensional subspace V C Jci-g ^,cp,0) such 
that dpx : V — > H^ {C ^V x^lj\e{Q)) is surjective. The above lemma shows, that there 
is a map /: A" ^ Grg^^^ such that /(O) = {V,(t>) and df : A" -^ H^{C,V x^Ue{g)) 
is surjective. In particular the map po f : A" -^ Bung is smooth at 0. Thus there 
is a Zariski open neighbourhood Up C A" such that p o f\U is smooth. D 

Corollary 9. Assume that Gk(c) ^•s simply connected. Then the image of the map 
pr^ : Gvx — > Bung is open. 

Proof. By the preceding corollary we know that for each point in the image of pr^ 
there is a smooth neighbourhood contained in the image. D 

3. Reminder on local triviality 

As a first step in our proof of the uniformization theorem, we need to recall 
a theorem of Steinberg and Borel-Springer. They showed that ^-bundles over a 
curve C, defined over an algebraically closed field are locally trivial in the Zariski 
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topology. A theorem of Harder says that the same holds over finite fields if Q is 
simply connected. Together with the deformation arguments from the previous 
section this will suffice to deduce the uniformization theorem. 
Let us recall: 

Theorem (Steinberg, Borel-Springer[T]). Let k{C) he the function field of a curve 
C , defined over an algebraically closed field k and let G he a connected semisimple 
group scheme overk{C). Then 

H\k{C),G) =0. 

This theorem tells us that ii V is a. Q torsor on C, then the restriction of V to 
the generic point of C is trivial. Since V is of finite type over C any trivialization 
over the generic point will extend to a non-empty open subset U <Z C i.e., we can 
find U C C such that V\U is trivial. Finally, since Q is smooth any trivialization 
over a closed point can be lifted to a trivialization over the formal completion, so 
for any point x e C{k) any V torsor is trivial on the formal completion Cx- 

Therefore any t/-torsor V can be obtained by gluing the trivial torsor on some 
open subset U C C and the trivial torsors on the formal completions at the re- 
maining points X ^ C — U. In other words, denoting by A.k[c) the adeles of k{C) 
we see that the map pA '■ G{^k{C')) ~* Bunc;(fc) which maps an adele g to the torsor 
obtained from the cocycle given by g is essentially surjective (recall that Bung;(fc) 
is a category). 

Recall furthermore that the above theorem also implies, that Gk{c) is always 
quasi-split ^ III 2.2. (The proof of (i')=^ (h') in this reference does not use that 
the ground field is perfect.) 

Remark 10. To prove the uniformization theorem we may always pass to an 
extension of the ground field, so we might always assume that k is algebraically 
closed. However the deformation arguments of the previous section also allow to 
perform a reduction to the case of finite fields. In this case Harder proved in [TS] 
that H^{k{C),Q) = if ^ is simply connected. It would therefore also suffice to 
use Harder's theorem in the following. 

4. The case of simply connected group schemes 

Theorem 4. Let k be a field, Q a simply connected parahoric Bruhat-Tits group 
scheme over C and let x G C be a closed point. 

Then, for every noetherian scheme S and every family V G Bung (5) there exists 
an etale covering S' ^> S such that 'P\{C — x) x S' is trivial. 

Proof. By Proposition 3] and Corollary [5] we know that the map pr^ : Gt^ —>■ Bung 
is formally smooth with open image. Therefore we want to show that this map is 
also essentially surjective on fc-valued points. 

We claim that for all points y G C the image of pr coincides with the image of 
pr^. First, since Gig^ is connected ([21] Theorem 0.1) we know that both images lie 
in the connected component of the trivial bundle in Bung . Now let P be a bundle 
which lies in the image of pr . Denote by Q-p :— Autg ('P/C) the group scheme of 
automorphisms of V over C, which is etale locally isomorphic to Q. In particular 
this is again a simply connected Bruhat-Tits group scheme over C, which is of the 
same type as G- Furthermore Bung^ = Bung, the isomorphism being given by 
Q I— > Q x^'^ V (here Gp acts on the right on Q and on the left on V, commuting 
with the right action of G on V, so that the quotient Q x V/Gv is a (right) G torsor 
on C) . Consider the map pr]^ : Grg^ -r -^ Buug^ = Bung . Its image consists of 
those ^/-bundles which are isomorphic to V over C — x. We already know that the 
image of this map is open and that it is contained in the connected component of 
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V G Bung. Thus there exists a bundle V' E Ini(pr^) nlm(pr!^), but that means 
that V\c-x — 'P'\c-x — G\c~x- Thus P £ pr.^ and therefore all the maps pVy have 
the same image. Moreover we have shown that given two tj-bundles 7^, V' such that 
V\c-y — 'P'lc-y for some y & C then V\c-x — 'P'\c-x for all x G C. 

By the theorem of Steinberg and Borel-Springer we know that any bundle is 
trivial on some open subset U C C and can thus be obtained by gluing trivial 
bundles on [/ C C and on the formal completions of the finitely many points 
C-U. 

However we have just seen, that gluing at different points does not produce new 
bundles: Namely fix a; G C and suppose that V is given by gluing the trivial bundle 
on [/ = C — {xi, . . . , Xn} via the gluing functions gi G LQj;-{k) ior i — 1, . . .n. Let 
Vj be the bundle given by gi,...,gj for < j' < n, in particular "Pq is the trivial 
bundle. Then we know that 'Pj\c~x- — 'Pj-i\c~x and we have shown that this 
implies that Vj\c-x — 'Pj-ilc-x- Therefore P\c'^x — Volc-x- And therefore the 
map pr^ is surjective on fc-valued points. 

Thus Corollary [8] can be applied to every point in the image of 5* ^ Bung , in 
order to obtain a smooth covering of S, factoring through Gr^;. Since every smooth 
covering has an etale refinement this is sufficient to prove our theorem. D 

Remark 11. If tj is simply connected the afhne flag manifold Grg^^; is connected 
([21] Theorem 0.1). Therefore Theorem [4] and Proposition [4] (1) imply that Bung 
is connected if S is simply connected. This proves Theorem [5] for simply connected 
groups g. 

5. The case of general groups 

In this section we want to deduce the general case of the uniformization theorem 
from the case of simply connected groups. As in the previous section the formulation 
for group schemes is helpful in order to circumvent the reduction to Borel subgroups 
used in JTj. 

Since the statement of the uniformization theorem allows to pass to finite ex- 
tensions of k we may assume that C is defined over an algebraically closed field 
k. 

Let us begin with some preparations concerning simply connected coverings of 
Bruhat-Tits group schemes. Let ^ be a Bruhat-Tits group scheme over C and 
denote the open subset of C over which Q is semisimple by U. Then we know 
that over U there exists a simply connected covering pu: Qu ~* Qu, which is a 
finite morphism. We denote the kernel Zjj := keT{pu). Furthermore, since k is 
algebraically closed, the group schemes GuiGu £^re quasi-split. 

To extend this to the whole of C, we consider the local problem around x G 
Ram(tJ) and then glue the result, as in the proof of Proposition |4l In the local 
situation we obtain a canonical extension of Gu, because the Bruhat-Tits building 
of a group G over a local field is isomorphic to the building of the simply connected 
of G ([IHj 2.1.7). To use this abstract result, we need to recall some points of the 
construction of Bruhat-Tits. 

Write R := Oc,x and K :— K^ for the local field at x. Since Gk is quasi-split Gr 
is obtained by first extending a maximal torus Tk C Gk by taking its connected 
Neron model and then extending the root subgroups Ua C Gk according to the 
choice of a facet in X*(r]^), where T'^ C Tk is a maximal split torus in Tk- 

The choice of T^^^Tk determines tori T^.Tk in Gk, and we can use the same 
extensions of the root subgroups Ua to construct pn : Gr — > Gr- By construction, 
the kernel of pr^ is the kernel Z of the map on the maximal tori p: T ^ T- We 
will need some control over the group scheme Z- 
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Since Qk is simply connected, the torus Tk is an induced torus, i.e. there exists 
a generically etale (possibly disconnected) extension Speci?' — > Speci? such that 
Tk is the Weil-restriction of Gm over Specif XspecflSpeci?'. Moreover in this case 
the connected Neron model T of Tk is the Weil restriction to Spec R of G™ on 
Speci?' ([7] 4.4.8). 

Claim 12. The closure Z*"" of Zk in T is a finite flat group scheme over Spec(i?). 

Proof. Since the center Zk is finite, it is contained in the n— torsion TV[n] C Tk 
for some n and it is sufficient to show that the closure of Tk [n] in T is finite over 
R. It is certainly quasi-finite and to check properness, we observe that TkIti] is the 
Weil restriction of /i„ ~ G„i[?i] C G„i over Spec(i?'). So if L D ii' is the quotient 
field of a discrete valuation ring O, then an L-point of rR-[n] is a L ®fl R' point of 
/i„. Since /i„ is proper, this extends canonically to an O (E)r R' point of /i„, which 
defines an O-point of the Weil restriction. D 

Remark 13. If Spec R' -^ Spec R is ramified and the characteristic of the ground 
field divides n, then the Weil restriction of /i„ on i?' is not finite over R. In particular 
it can happen that the group scheme Z is only generically finite. However we also 
see that Z — Z^'^ is finite and flat if either R' is an unramificd extension of R or 
the characteristic of the base field does not divide the order of tti{Q). 

In order to make some global computations, we note that Qjj being quasi-split 
implies that we can find a Borel subgroup Bu C Gu so the quotient of B by its 
unipotent radical is a torus Tjj over U. We can consider its connected Neron model 
T over C and the same holds for the simply connected covering Q, so wc find an 
exact sequence — > Z ^ T ^ T. Here, we need to note that T need not be 
contained in Q. However, since the maximal tori of Gk^ are conjugated, locally 
around any point a; G C the torus Tg is isomorphic to the torus used in the 

Bruhat-Tits construction. Furthermore, since Zn is contained in the center of Gr 
the kernel Z of T ^ T is independent of the choice of the maximal torus over R, 
so that the kernel of T ^ T is indeed isomorphic to the kernel oi G ^ G- 

Denote by T^" :— T/Z^'^, which is a smooth group scheme, generically isomor- 
phic to T and the sequence 

(5.1) ^ z"" ^ r ^ r"" -^ 

defines an exact sequence of fppf-sheaves of groups. In particular this induces a 
long exact sequence of cohomology groups. 

Similarly we define 5^" := G / Z^'^ and again we get a short exact sequence: 

^ Z«" ^ ^ ^ G^" -^ 0. 

Moreover we claim: 

Lemma 14. (1) The natural morphism H^{C,T^"') — » H^(C,T) is surjective. 

The map Bun^/;„ — > Bun^ is smooth, surjective, with connected fibres. 

(2) Given a family V of T-torsors, parametrized by a connected scheme S , the 
obstruction to lift V to a family of T-torsors fppf-locally on S is constant 
on S. 

(3) Let us denote m{C,Zfi^) := H^{C,Zfi'')/H°{C,T/Tf''), iw/iere iJ"(C, T/T^™) 
H^{C,T^"'') — > H'^{C,Z^'^) is a composition of boundary maps. Then there 

is an exact sequence H^C,f) -^ H^C,T) -> WiC^Zfi^. 

(4) Parts (l)-(3) also hold if we replace T,T^'\f by G,G^",G. 

Proof We know that for any torus T over k{C) we have H^{k{C),T) = ([13] 
CoroUaire p. 170). So any T— torsor is generically trivial and thus any T-torsor lies 
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in the image of the gluing map ®x<^cLTx^ — *■ Bunr- Since LT^^ = LT^^'^ this proves 
the claimed surjectivity. The map T^" — > T induces a map on the Lie algebras 
Lie(T''") — > Lie(T) which is an isomorphism on the generic fibre. In particular, the 
map 7J^(C, Lie(T''")) — > 7J^(C, Lie(T)) is surjective, and thus the map Bun^j-sn -^ 
Bunr is smooth. Finally, the elements of the kernel of H^{C, T*^") -^ H^{C, T) are 
obtained from elements in 

Since L^T is a connected scheme, this is connected. This proves part (1). 

Part (1) for Q follows by the same argument using the theorem of Steinberg and 
Borel-Springer as recalled in section [3] 

To show (2) we want to prove that the map Bun.j- to Bunr is flat with finite 
fibres. 

As in Claim [T^ there is an n > such that the multiplication by n on T factors 
through the map T —^ T. Since multiplication by n has finite fibres on Bmi^-, the 
map Jiiuij- —>■ Bunr has finite fibres as well. 

Next, we recall that the dimension of the stacks Bun.^^ and Bunr, which are 
both smooth, only depends on the rank and degree of the Lie algebras Lie(T) and 
Lie(T). These sheaves have the same degree by the the main theorem of [S], so the 
two stacks have the same dimension. 

We claim that this implies that the canonical map Bun.j^ -^ Bunr is flat. First, 
since both stacks carry a group structure it is sufficient to show that the map on the 
connected component of the identity p : Bun!^ — > Bun^ is flat on some non-empty 
open substack of Bun^. 

To show this, take a smooth, connected scheme X together with a smooth dom- 
inant map p : X -^ Bunr of relative dimension dp. Also take a smooth dominant 
map q : Y —^ X XBun° Bun^ =: i^ of relative dimension dq. In particular the 
map Y -^ Bun^ is smooth of relative dimension dq + dp. If the induced map 
f : Y —> X was not dominant, then / had a fibre of dimension > dq. This implies 
that F —>■ X has a fibre of dimension > 0, which cannot happen since the fibres of 
Bun.j^ — > Bunr are finite. Since X is integral and / is dominant, generic flatness 
implies that the map Y ^ X is fiat on some nonempty open U CY. This implies 
that p is generically flat, because flatness can be checked on smooth coverings. This 
shows our claim. 

In particular, for any family of T-torsors parametrized by a connected scheme 
S, the obstruction to lift the family fppf-locally on S* to a family of T-torsors is 
constant on S. 

Statement (3) follows from the exactness of the sequences 

and 

Here the second sequence is obtained from the map T^" —>■ T which induces an 
injection of fppf-sheaves on C, since the map is an isomorphism on the generic fibre. 

To deduce the corresponding statements for C^-torsors we note that the sheaves 
g^gfln ^ T/T*'" are isomorphic. This is because the Q and Q^'^ contain open 
subsets isomorphic to lATU^ and UT^'^U~ respectively, generating the connected 
group schemes Q and t/*"". We have already seen that after passing to a smooth 
neighbourhood any family of ^/-torsors can be lifted to a family of t/*"" torsors. 

The obstruction to lift a family of Q^'^ torsors to a family of C^-torsors locally on 
the base S is given by a class in R^pr^ ^prJ.Z*'". So the obstruction to lift a family 
of t/-torsors to a Cy-torsor is given by an element in R'^prg ^pr'^Z^'^/R'^prg ^pr'^Q/Q^'^. 
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Since G/G^'^ is supported at Ram((7) this quotient is the same as the correspond- 
ing quotient in the case of T-torsors (see Remark [T7] for a local description of the 
obstruction classes in i7^(C, Z*^°)). This already proves (3) for G- 

We are left to show that the above quotient sheaf is locally constant. In the fol- 
lowing Lemma we will see that H^{C\ T*"") -^ H^{C, Z^") is surjective. Since we al- 
ready know that the obstruction to the existence of a lift of a T-torsor to a T-torsor 
is locally constant, this implies that the quotient Ti^prg ^pr*(jZ^'^ /TiP pr g ^pr}jT /T^'^ 
is locally constant and it is isomorphic to the above quotient sheaf. D 

Knowing that the obstruction to lift a given t/-torsor to a t/-torsor is given by an 
element in H'^{C,Z^'^) we will need to calculate the latter group. This we can do, 
because we have realized Z as a subgroup of an induced torus i.e., a groups of the 
form Res/3/cGm as considered in Example (3) in the introduction, where D ^ C 
is a finite, generically etale, but possibly disconnected covering of C. 

Lemma 15. Assume that k — k is algebraically closed. Then H^(C,T) — and 
therefore the sequence: 

-^ Z^" ^ T ^ T^" -» 
defines an exact sequence 

H\C.f) -^ H^{C,T^") -^ H^{C,Z^'') -^ 0. 
By LemmaU^this induces an exact sequence: 



H^ (C, T) -^H^CT)^ m (C, Zfi") -^ 0. 

Proof. Write T = tt, (G„i), where vr: D ^ C is a finite covering. We claim that the 
Leray spectral sequence 

defines an isomorphism H'^{C,'T) — H'^{D,G,n) = 0, because the higher derived 
images vanish in the fppf-topology. This holds because i?^7r*(Gm) is the sheafRfi- 
cation of the group of line bundles on the finite fibres of tt, and H^ of the fibres 
classifies gerbes, which are also calculated by the corresponding etale cohomology, 
which is 0. 

Thus we obtain 

D 

In order to make this more explicit we need to check that the moduli space of 
torsors under a torus has the expected number of connected components. Recall 
that for a torus T over fc(C) the fundamental group is 7ri(T) :— X<,{'Tk(^cY•'1')^ 
considered as a Gal(fc(C)'"^P/fc(C))-module. 

Lemma 16. Keeping the notation from Lemma \T5\ we have: 

(1) There is an isomorphism 7ro(Bunr) ^ -'^*('4(C)"p)Gai(*;(c)"''/fe(c))- 

(2) There is an exact sequence: 



1'l(^)Gal(fe(C)"P/fe(C)) —" 1'l(^)Gal(fc(C)"''/fc(C)) ^ H'^{C,Zf^") —>■ 0. 



In particular Tri{G)Gi>^i{k{c)"p/k(c)) - H^{C, Z^^). 

Proof, li T ~ TT^Gm is an induced torus, then (1) holds: In this case the con- 
nected components of Bunr = Picu are given by the degrees of line bundles on the 
connected components of D and X* (T) = tt* (Z) , as sheaves over C. 

Next, let T be arbitrary. As in the definition of the Kottwitz homomorphism (cf. 
[21j section 3 for a brief review of the construction of the Kottwitz homomorphism) 
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we choose induced tori X2 ^ 1\ ^ft T such that the induced sequence X*(X2) -^ 
X*(Zi) -^ X*(T) ^ is exact. By [3T] Theorem 5.1 we know that for any x ^ C 
we have ■kq{LTx) = X^(T)qi^i(^x^^<'p/k^)- Thus we obtain an exact sequence 

Since any T-torsor hes in the image of the gluing map ^^fzc'^i^x) -^ Bunr(fc) 
we obtain an exact sequence 

7ro(Buni2) -^ 7ro(Buni) -» 7ro(BunT) -^ 0. 

This imphcs (1). 

FinaUy (2) foUows applying tto{ ) to the last sequence in Lemma [T51 and then 

using (1). D 

Remark 17. The above lemma shows that the surjection T{Kx) — T^'^{Kx) -^ 
H^{C, Z*"") can be obtained by associating to a T^"-torsor the gerbe of liftings to 
a T-torsor. Alternatively we can describe this using the diagram: 



Namely, given a Z^'^-torsor V -^ Spec{Kx) we can define a Z'^^-gerbe by the 
groupoid: 



ISpcc(C', 



U Z«"|c-. U V =^ Spec(a;) U{C~x) 



in which the source and target morphisms for the first two spaces are the projec- 
tions and for V the source morphism is the projection to Spec(C'a;) and the target 
morphism is the projection to (C — x), composition is given by multiplication and 
the Z-torsor structure of T'. To prove that this defines an algebraic stack we only 
need to note that any torsor over K^ extends to a scheme of finite type over C — x. 

We claim that this gerbe has a natural morphism to the lifting gerbe. The 
lifting gerbe of a T-torsor Qq is the stack which is given by associating to any 
flat f : S ~* C the category of T-torsors Q over S together with an isomorphism 
of the T-torsors Q x^ T = /*(Qo)- This is a Z^"-gerbe, because for any flat 
S ~* C sections of T{S) mapping to 1 in T{S) automatically factor through Z^". 
Moreover this gerbe is neutral over Spec(C'c',x) and (C — x) because the trivial 
T-torsors admits a reduction to T. 

Given g e T{Kx) denote by Qg, the associated T-torsor over C and by Vg the 
Z^"-torsor over S'pec{Kx)- Finally denote the lifting gerbe of T by Zr- The gerbe 
constructed above maps to the lifting gerbe, because Vg is canonically trivial over 

Spec(Oc.a;) and C — a; so we obtain canonical morphisms Spec(C'c,x) -^ Zr and 
(C — x) -^ Zt- The difference betwen the two trivializations of Vg over K^ is given 
by g, so Spec(C'c,x) Xz^ [C — x) = Vg. Thus we obtain the claimed morphism of 
Z'^^-gerbes, but any morphism of Z^'^-gerbes is an isomorphism. 

This description has the advantage that it only uses the local structure of T at 
Kx, which allows us to compare the construction for groups which arc only locally 
isomorphic to T. 

Now we can prove the uniformization theorem stated in the introduction: 

Theorem 5. Let Q be a parahoric Bruhat-Tits group scheme over C such that the 
generic fiber of Q is semisimple. Then for every point x € C, every noetherian 
scheme S and every family V G Bung;(S') there exists an fppf-covering S' —>■ S such 
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that V\{C — x) X S' is trivial. In particular the map Grg^^ —>■ Bung is a formally 
sm,ooth, surjective map of stacks. 

Proof. Denote by Q the simply connected covering of Q. We have seen that there 
is an exact sequence: 



H^c, g) -> H\c, g) -> H^c\ zfl") ^ o 

defined by the obstruction to hft a t/-torsor to a 5-torsor. Furthermore we have 
seen that the class in H'^{C, Z^") is locally constant. This implies that every class 
d e H'^{C, Z^'^) defines an open and closed substack Bmig. 

Thus we may assume that 5 is connected and maps into Bun^ for some d. If 
d = we may argue as before: The obstruction to lift our t?-torsor V to g vanishes 
after passing to a covering S' — > S. Thus we can find S' -^ S such that V lifts to a 
^-torsor V on C X S' and for ^-torsors we can apply TheoremH](the uniformization 
theorem). 

Now if d is arbitrary we can apply a similar argument to reduce the question 
to the situation where 5 is a geometric point: Assume again that S is connected 
and that 7-" is a family of tj-bundles on S. Choose a point G 5 and consider 
the group scheme go := Autg(7^o) over C. The simply connected covering t/p 
again defines a sequence Z -^ g^ ^ g^. (Here the kernel is given by the same 
group scheme Z as before, because g^ is an inner form, i.e., it is in the image 
H^{C,g) -^ H^{C,Aut{g)) and inner automorphisms act trivially on the center.) 

The trivial 5o-torsor Pq certainly lifts to a t/p-torsor (see e.g. 114: Prop. 4.3.4) 
and so we can apply the same reasoning as before to see that the tjp-torsor V x^ Vq 
lifts to a 5o-torsor locally on S. Passing to a further covering we therefore find that 
T-'\{c-x)xS' — "Po X S'\(^c-x)-kS'- Thus it is sufficient to show that the 5-torsor Vo 
is trivial on C — a;. 

To prove this, we show that one can modify Vq at the point x, such that the 
obstruction d vanishes. This is implied by the surjectivity of the Kottwitz ho- 
momorphism: The isomorphism 7ro(-L5a:) — *■ 7ri(^-f^ )Ga\{K%'''^ IK^) is defined by a 
reduction to tori and thus we can apply Lemma [TB] and Remark [T7] to conclude 
that 7ro(it/^) -^ IPiCL^ZM) is surjective. D 

As a corollary of the above proof we can also verify the conjecture on the con- 
nected components of Bung : 

Theorem 6. Let g be a quasi-split sem,isim.ple parahoric Bruhat-Tits group scheme. 
Then 

7ro(Bung) = ■ni{grj)Gal(k(r)y"' /k(j^))- 



Proof. In the above proof we have seen that for every d G H'^{C,Z^'^) the stack 
Bung is connected and nonempty, and in LcmmafTBlwe have seen that H'^{C, Z^'^) = 

■^l(^^)Gal(fc(),)='=P/fc(r,))- 

Without reference to the proof above we can use the global Grafimannian GRg -^ 
C to get an alternative argument: 

Again denote by f/ C C an open subset such that g\jj is semisimple. Then 
the surjection GRg \u -» Bung induces a surjection 7ro(GRg \U) -^ 7ro(Bung). 
We claim that 7ro(GRg \u) = T^iigfj) GaUMT^y^ /k(ri))- To see this, observe that the 
formation of GR commutes with etale base change. Thus to compute the etale sheaf 
on U given by the connected components of the fibres GRg — > C, we may (after 
possibly shrinking U) reduce to the case that 5 is a split group scheme. In this case 
the connected components are canonically isomorphic to 7ri(^) by the Kottwitz 
homomorphism on the fibres (this morphism is constant, since the definition of the 
Kottwitz homomorphism uses a reduction to the case of tori). In particular the 
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connected components of GRg \u are given by the orbits of the Galois group on 

The inverse map 7ro(Bun0) — > 'iri{Qri)Gai(k(riY°p /k(ri)) is given by the obstruction 
class in H'^{C, Z^") and Lemma [TCI D 



6. Line bundles on Bung 

Rapoport and Pappas conjectured that for simply connected and absolutely sim- 
ple groups Q splitting over a tamely ramified extension of kiC) there should be an 
exact sequence: 

0^ n ^*(ex)^Pic(Bung) ^^Z^O 

a:eBad(g) 

where the map c should be given by the so called central charge, defined for any 
point X € C as follows (see 21 Remark 10.2): First, the map Grg .j — > Bung defines 
a map Pic(Bung) -^ Pic(Grg^) and there is a canonical morphism Pic(Grg;_2;) = 
Z^^ -^ Z which can be described explicitly in terms of the root datum of Qx- In 
the case of constant groups G this morphism is usually described in terms of a 
central extension of LG. Namely the obstruction to lift the action of LG to the 
line bundles on Gr^x defines a central extension LG of LG and the central charge 
homomorphism is defined by the weight of the action of the central Gm C LG on 
the line bundle. A similar description also holds in the general case, since we will see 
that the obstruction to the existence of an Lt/^-linearization of the line bundles on 
Grg_2^ only depends on its central charge, so again there exists one central extension 
of LQx acting on all line bundles on Grg 2;. 

In this section we will denote by Pic(Bung;) the group of line bundles, rigidified 
by the choice of a trivialization over the trivial ^-torsor. This is useful in order to 
compare the Picard groups of schemes mapping to Bung. 

The assumptions on Q will be used in our proofs, since we will apply the com- 
putation of Pic(Grg,a;) given in [3T] and we will also need the fact that Grg .j is 
reduced and connected. 

First of all, note that there exists a natural morphism 

n ^*(^-) ^ Pic(Bune), 

a;eBad(e) 

which can be constructed as follows: For any point x E C restriction to x defines a 
morphism Bung -^ BQx- Now Pic(i?^a;) = X*{Qx) by definition, since a coherent 
sheaf on BQ^ is the same thing as a representation of Qx ■ Thus we get a pull-back 
map UxeB^diG) X*iGx) ^ Pic(Bung). 

To see that this morphism is injective, consider the composition Grj, — j Bung — > 
BGx- By Lemma m Grj, is the classifying space for torsors on C together with a 
trivialization on C — y. In particular for y ^ x the above map is given by the trivial 
Gx-ioisoi and therefore induces the 0-map on the Picard groups. 

Furthermore we claim that for x = y the map Gr^; — > BQx defines an injection 
X*{Qx) ^-> Pic(Gra;). To simplify notations let us assume that L^Q{k) C LQx{k) is 
an Iwahori subgroup (otherwise we can find a smaller Bruhat-Tits group scheme 
Q' ^ Q and check injectivity after pulling back everything to Bung/). Recall that 
for any affine simple root a of LQx we get an embedding Zq, : P^ — > Gr^; coming from 
an embedding of a parahoric group L^ Pi -^ LQ. This way we get a commutative 
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diagram: 

L+P, ^ LQ^ ^ pt 



Pi = L+P,/L+g ^ Gr, ^ Bg.,. 

So we see that the degree of the restriction of the bundle given by a character A on 
P^ is given by the restriction of this character to the root-subgroup Gm — *■ Pi ■ This 
constructs the left hand side of the exact sequence of the statement of Theorem |31 
For the right hand side we would like to argue as in the case of constant groups 
[IB] , but in order to take care of the ramification of G we need the relative affine 
Grafimaninan GRg: 

Lemma 18. Assume that k is algebraically closed, Qk(c) ^s simply connected and 
absolutely simple and splits over a tamely ramified extension ofk[C). 

(1) The relative Graflmannian GRg -^ C is ind-proper (this holds for general 

Q)- 

(2) The relative Picard group Pic(GR(j /C) -^ C is an etale sheaf over C and 
there exists a quotient c := Pic(GRg /C)/ Y[X*{Gx)- 

(3) The fibres of c are isomorphic to Z and the restriction of c to C — Ram(C/) 
is constant. 

Proof. For the first part we only have to recall that we constructed GRg as a 
closed subscheme of an affine Grai3mannian for the constant group GL„ , which is 
ind-projective. 

To prove (2), we first consider this Zariski- locally over open subsets U C C, as 
in the construction of GRg. In particular we may assume that there is a function 
t on U X U, which is a local parameter along the diagonal. We want to write 
GRg = lim Zi where Zi C Zi+i C • • • is a chain of closed embeddings of proper, 
connected, reduced schemes, flat over U. 

To get proper, connected schemes, we want to use Schubert varieties, so we need 
to find a torus T C G over U: Since Gk(C) is quasi-split, we can choose Ty C Gv for 
a small enough V C U. Denote by T the connected Neron model of 7y over U. For 
every x S U — V we know that all maximal tori contained in some a Borel-subgroup 
are conjugated, so Tk^ is conjugated to the torus used to construct the Bruhat-Tits 
group G- Thus the elements in GiK^) needed to conjugate Tk^ define a ^-torsor V 
such that for Gv = Autg(P) we have T C Gv- By the uniformization theorem we 
know that there exists a trivialization of V over every open subset U C C. So we 
can find an isomorphism Gv \ u — Gu and thus an inclusion T C G\u- 

Moreover, T being an induced torus we can write T = KesD/u G,„ for some 

finite, generically etale covering D ~* U and we have G^°\j C T C G- Also 

write U := U — Ra.m{G). We can already deduce that GRg is the closure of 
GRg jj, because on the one hand all fibres are reduced by [5T] and we claim that 
all geometric points of a special fibre x G Ram(^) lie in the closure. To see this last 
point, note that we have seen that any geometric point of Grg^ can be lifted to an 
element of LGx (Proposition [2] (3)) and these elements can be written as products 
of elements in root subgroups LUa.x- The torus T defines root subgroups Ua over 
U and as varieties these are locally trivial bundles of affine spaces over C/, so that 
any element in LUa.x{k) can be extended to a local section of LUa- The product 
of these elements gives the extension we were looking for. In particular, given any 
presentation GR^ ^ = lim Zi as an inductive limit of closed subschemes, the limit 
of the closures of the Zi in GRg^u will be GRgjj- 
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To define global Schubert varieties, note that our choice of a local parameter 
defines for every w G X^,{Gm ) a point in LT and this defines w S GRg{U). We 
define the Schubert cell C^ '■= L^GijW C GRg^ and its closure Sio := C^ C GRg„. 
We see that any fibre of Sw over U is the Schubert variety of the fibre. Since the 
inductive limit of the fibrewise Schubert varieties exhausts the fibres of GR5 by [H] 
(and our w form a cofinal system), we find that lim^u, = GRg^^. Furthermore, the 
canonical section of GKg -^ C given by the trivial CJ-bundle on C factors through 
all Sw Finally, since f/ is a smooth curve, the projection tTu, : S^ —> U is flat. 

We claim that this suffices to prove that the relative Picard functor Pic(GR0 /C) 
is an etale sheaf (we adapt the arguments of [5], section 8.1): By definition a line- 
bundle on an ind-scheme limZi is a family of line bundles Ci on each of the Zi, 
together with isomorphisms of the restrictions Ci\z — ^j for all j < j. 

We use the S^, which are flat over U. In particular for each S^ we have an exact 
sequence: 

H\U,n,,^,Gra) -^ H\S.^,Gm) -^ Pic(S„/C/)(t/) ^ ij2(t/,^^,,G„) ^ H^S^,G,n) 

and the same holds for every base-change T ^ U. Furthermore, if n^^^Os^ = Os^ 
then 7ru],*<Gm = Gm so that the existence of our section U -^ S^ implies that the 
right hand arrow of the exact sequence is injective. 

In our situation we know that for any x € U the fibre {Sw)x C GKqx is a closed 
subscheme of finite type, so it will be contained in a connected, reduced Schubert 
variety Sx of the fibre GRg^. And Sx will in turn be contained in {Sn]')x for some 
w' > w. Therefore, the restriction map Trw',*Os , — > '^w,*Os^ will factor through 
Ojj and the same argument holds after any base-change T ^ U. 

This implies that given a compatible family of sections {sw) € Pic{Su]/U){T) on 
some r ^ [/ we can lift these canonically to a line bundle on GRg XuT: First, let 
us check that each s^ lies in the image of H^IS^.t, Gm)- Given w choose w' > w 
as in the previous paragraph. Then s^ = Sw'\s„ t ^'^'^ the obstruction to lift s^ to 
-ff"^(<S'u,,T,Gm) lies in the image iJ^(T, 7ru,'_,Gm) -^ H^{T,Grn) —>■ ^^(r, 7r^,*Gm). 
However, H^{T,Gjn) C -ff^(S'u,,T, Gm) so the obstruction must vanish and we can 
find line bundles £° on Sw,t, trivialized along our section of S^, mapping to 
Sw S Pic(S'^/f7)(T). Define C^ '■= ^w'\Su,.t- Then ior v > w the bundles £y\s^.j. 
and Cw differ by an element of iJ^(T, TTi^.^^Gm), but as before this element lies in 
the image of H^{T, Gm), so it has to be trivial, because both bundles are trivialized 
along our section. This procedure gives for any family of sections (s^,) canonical 
preimages in iJ^((5t„)T,'Gm). Thus we find that Pic(GRg /C) is an etale sheaf. 
Fiberwise we can apply [21] 10.1 to see that Pic(GRg /C)/ n^*(5:i) is isomorphic 
toZ. 

Finally, the formation of GR commutes with etale base change. Over U := 
C — Kain{Q) we can find a covering tt: [/ — > C/ such that the restriction 7r*{G) is an 
inner form. Therefore 7r*(c) is the constant sheaf Z, with canonical generator given 
by the ample line bundle of central charge 1. In particular cjc is constant. D 

Remark 19. (1) Denote by sq : C -^ GRg the zero section. Then the com- 

position C —^ GRg -^ Bung is given by the trivial G-toisor, so we get a 
morphism Pic(Bung) — > Pic(GR/C) of the groups of rigidified line bundles 
and thus a morphism Pic(Bung;) -^ H^{C,c). Furthermore the last part 
of the lemma shows that for any point x £ C — Ram(tJ) the composition 
Pic(Bung) -^ H^{C., c) -^ Pic(Grg .2,) — ^ Z does not depend on the chosen 
point X. 
(2) Fix a point x E C — Ram(CJ). Then we may find a bundle C G Pic(Bung;) 
such that its image in Pic(Grg .j) = Z is non-zero as follows: Choose a 
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faithful representation p : Q -^ SL(f ), where f is a vector bundle on C. This 
induces a morphism indp : Bung —^ BunsL(£). On BunsL(£) we have the line 
bundle Cdct given by the determinant of the cohomology of the universal 
vector bundle on BunsL(£) xC. Thus we may define £ := ind*(£det)- It 
is known ([16] p. 42, [3] p. 410, last two paragraphs) that the pull-back 
of >Cj(,t to GrsL„ = GrsL(£).2; is an ample line bundle. Since p induces an 
embedding Grg^^: -^ GrsL„,2: we see that the pull back of C^^ to Grg^^; is 
ample and in particular non trivial. 

Together with the previous remark we find that there exists a minimal 
n € Z>o such that the section n € H'^{C — Ram(fJ),c) = Z extends to a 
global section i.e., a non-zero element in H^{C, c). 

(3) Let X G Ram(5), denote by Ux := C — Ram(t/) U {x} C C and jx'- C — 
Ram(^) -^ Ux the open embedding. We claim that there exists Ux G Z>o 
such that c|(7^ =jx,*{nx'^)]Jjx,\{'^—{nx'^}) as a sheaf of sets: We already 
know that there exists a minimal nonzero section of c|c-Ram(0)) which 
extends to Ux- This defines an embedding jx,*{nxZ) Ujx.iiZ — {Ux'^}) -^ 
c|(7^. Since the fiber of c\x = Z this must be an isomorphism. 

(4) The even unitary groups provide examples of groups for which the sheaf 
c is not constant: Assume that char(fc) ^ 2 and choose a Z/2Z-covering 
C ^ C, ramified at a nonempty set Ram C C. Let Q = S()^,(j{2n) := 
(ReS(=, /p)(SL2„)'^ C ReSp ,(^SL2ra =: H be the corresponding unitary group. 
Pappas and Rapoport show (PT] Section 10.4) that for every x e Ram(C7) 
the induced map Grg^^^ —>■ GrT-c,x defines an isomorphism of Picard groups. 

If y G C — Ram(C^) is an unramified point, then over the formal comple- 
tion Oc,y we have LHy — LSL2n x iSL2„ and the action of Z/2Z on LTiy 
is given by permuting the factors and applying the transpose-inverse auto- 
morphism. In particular wc find that LQy = iSL2„, which is embedded as 
A 1-^ {A, ^*'~^) in LTiy. Therefore the corresponding map on Picard-groups 
is given by the sum Pic(GrsL2„xSL2„) = Z x Z ^ Z = Pic(GrsL2„)- 

For X G Kain{Q) we know by JJl] Section 10. a. 1 that the generator 
of Pic(Gr>^^2:) is given by the determinant of the cohomology £dot of the 
corresponding universal vector bundle on Bun^s. 5|_ = Bun>^ . For y G 
C — Ram(Cy) the bundle Cdct restricts to the diagonal element (1,1) G 
Pic(GrsL2„xSL2„)- Thus we see that only twice the generator of the Picard 
group of Grg^y descends to Bung. 

Theorem 7. Assume that Q is simply connected, absolutely simple and splits over 
a tamely ramified extension ofk{C). Then there is an exact sequence: 

0^ n ^*(0x)^Pic(Bung) — >Z^0. 

a:GRam(C/) 

To prove this result we need the analog of the loop group LQ for the sections of 
Q over open subsets U C C: 

Lemma 20. Let X ^ C be a closed subscheme of A^ x C, where N is any integer. 
For any non-empty open U (Z C the fpqc-sheaf 

L°i}'*X := X{T X U) 

is an ind-scheme. The same holds for the limit over all U C C : 

Ll\h)X := hm L'S^'g. 



ucc 



Proof. Let us first prove the lemma for the case X = Aq . Here the functor is given 
as L™*A'(r) = A^(T X U). Write OciU) = U„K as a union of finite dimensional 
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A:- vector spaces Vn ■ To give a map T x U ^ A^ is the same as to give N functions 
on T X U, i.e., a finite OT(r)-linear combination of elements in some Vn- This 
means that L'^^X is an inductive Kmit of affine spaces. The same argument holds 
for Llf^^X. 

Next, assume that A" C C x A^ is a closed subscheme. Then L'^* X is a subfunc- 
tor of L^"*A^. To find equations for this subfunctor assume that U C. C (otherwise 
the result is easy). Then ^|(7 is defined by an ideal / C iJ°(A" x U, Oa^xu) and we 
can choose generators / = (/i, . . . , /„). An element L^"*A^(r) defines an element 
of L^"*A'(r) if and only if all the /, are mapped to in Ot(T) Oc{U). Writing 
fi as polynomials in the coordinates of Aj^^ the image in Ot{T) <S) Oc{U) can be 
expanded as an element in Ot{T) (8) Vn for large enough n, so choosing a basis of 

" out 



Vn we obtain equations for the functor L?,"*A'. D 



Proof of Theorem^ (See [TO] for the case of constant groups.) First note that for 
any finite set of points {xi} C C we have Pic(ni Grg^^;.) — JJ- Pic(Grg^a;J, by the 
see-saw principle, which we may apply since Grg^ is ind-proper and Pic^Gtq^x) 
is discrete. Further, the product Y[i Grg^i classifies CJ-torsors trivialized on C — 
{xi} and by the uniformization theorem we know that the Bung is the quotient of 
rij Glrg^a;. by the group L'^\^ ^ Q, considered as a sheaf in the flat topology. 

Now given C G Pic(Bung;) we may tensor C with a multiple fixed line bundle 
of minimal central charge and then modify it by a line bundle in the image of 
n^GC -^*iSx) such that the inverse image of £ to J^ Grg.j,; is trivial for any finite 
set of points Xi C C. Taking the limit over all points of C, we find that C is defined 
by a character of the group L'^^M. Now, since k is algebraically closed, Qk(C) is 
quasi-split and simply connected. In particular Q{k{C)) is generated by unipotent 
root subgroups Ua{k{C)). Given the structure of the Ua (they are products of 
additive groups, or subgroups thereof, [7|, 4.1) any point u G Ua{k{C)) defines 
a morphism Ga -^ L°k(c)^°- considered as ind-schemes over k. Since Ga does not 
have characters, the character of L^./'^> must therefore be trivial on geometric points. 
This implies that the character is trivial on L'^V-^sQ{T) for all reduced schemes T. 
Since we have seen in Theorem 2] that there exists a smooth atlas X -^ Buug which 
lifts to Hi Grg^a;. this is sufficient to show that C must be trivial. D 

7. Existence of generic Borel subgroups 

In this final section we want to generalize the result of Drinfeld and Simpson 
on the existence of generic reductions to Borel subgroups. In the case of constant 
group schemes this was used to reduce to problems for tori e.g., Faltings used this 
result to construct line bundles of central charge one on Bun^ (see [TB] ) . As a first 
application in the more general setting of Bruhat-Tits group schemes this gives an 
alternative approach to the uniformization theorem. 

In this section we allow non simply connected groups, however we need the 
assumption that Q splits over a tamely ramified extension. 

Since some of the fibres of Q may not be semisimple, we begin by studying the 
possible extensions of Borel subgroups defined over the generic point of C to these 
fibres. For us the following lemma, which we will prove by using arguments of [7], 
will suffice: 

Lemma 21. Assume that Qk^ splits over a tamely ram,ified extension of K^- De- 
note by Tq C Qk^ the maximal torus used in the definition of the Bruhat- Tits group 
scheme Qk^ o,nd let Bk^ C Qk^ be a Borel subgroup with unipotent radical Uk^ ■ 

Denote by hi <Z B <Z Q be the closures ofUK^,BK^ in Q. Then B is smooth and 
B/U^%- 
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Proof. First, we may assume that the ground field is separably closed, since smooth- 
ness can be checked over k. 

Reduction to the case of simply connected groups. Let Qk^ -^ Gk^ be the simply 
connected covering of Q. As noted in Section 4, the Bruhat-Tits buildings of Q and 
G' are canonically isomorphic ([IS], 2.1.7). In particular this isomorphism defines 
the simply connected cover ^ — » 5, an extension 2^ — > Tq — > Tq and B -^ B. Since 
To and Tg are smooth and the unipotent radicals of B and B are isomorphic it is 
sufficient to prove the theorem for the simply connected group Q. 

Reduction to the case of split groups. Again, we can use the reduction given 
in ^ Section 7 and 8.e.2: Qk^ — Yl^GSKjK^Gi is a product where Ki/K^ are 
tame extensions and Qi is absolutely simple and simply connected. Thus we may 
assume that K^ = Ki and Qk^ = Gi is absolutely simple. In this case there 
is a tamely ramified extension LjK^ with ring of integers Oh such that Go^^ — 
(ResoL/o^Go^Y , where Goi, is a parahoric subgroup of the split Chevalley group 
scheme of the type given by Gk^ and a is an automorphism of Kesoj^/o^GoL- 
Since taking invariants preserves smoothness if the extension is tame f|12jl. we 
may assume that Gk^ — Gl is a split group. 

Thus we are reduced to the following situation: Denote by G the Chevalley group 
scheme over Ox with generic fiber Gk^ and let T C G be a split maximal torus and 
let X*{T) be its character group. We know that Go^ is a parahoric group scheme 
corresponding to a facet A C X*{T). Furthermore we are given a Borel subgroup 
Brf C Gk^ = Gk^ and we want to show that the closure B C Go,, of Bn is smooth. 

Now let Pa c G be the parabolic subgroup defined by A, let B C Pa be a Borel 
subgroup and let S' C G be the closure of Brj in G. Since all Borel subgroups 
are conjugate and G/B is projective over Ox we see that B' C G is of the form 
B' = g^^Bg for some g G G{0). Denote by T^ := 9^^Tg C B' the corresponding 
maximal torus. 

Denote the special fibres of Pa and B' by Pa,x and B'^. There exist a split 
maximal torus T^ C B'^ D Pa,x- Since all tori are conjugate this implies that 
T^ = b-^T9bx for some bx e' B'^{k). Choose a lift b e B'{Ox) of bx. Then 
T' := b^^T^b C -B' C G is a split maximal torus in G the special fiber of which 
lies in Pa,x, in particular T'{Ox) C G{Ox) and therefore T' C G- Thus T' d B and 
since the unipotent radical of B^ also has a smooth extension to G we see that B is 
smooth. D 

Definition 22. We will say that B C G is a Borel subgroup of G if B is the closure 
of a Borel subgroup of the generic fiber of G ■ 

Lemma 23. Assume that k is algebraically closed. Let B <Z G be a Borel subgroup 
and V a G-torsor on C. Then there exists a reduction of V to B. 

Proof. Choose a point a; G G — Ram(t/). By the uniformization theorem (Theorem 
[Ij the restriction of 7^ to G — {x] is trivial, in particular there exist a section s 
oi'P/B\c-{x}- Now, since 5|c-Ram(e) is semisimple the quotient P/S|c-Ram(e) is 
projective. Therefore the section s extends to a section s of V /B. This proves the 
lemma. D 

Remark 24. The only problem in the above construction stems from the fact that 
G/B is non-compact if Gx is not semi-simple, and therefore sections of Vr^/Br^ need 
not extend to V /B. However, if one replaces G by the inner form Autg('P) over 
G, one can apply Lemma [211 to find that any reduction over Vrj extends to a Borel 
subgroup of Autg('P). 

Note further that we used the uniformization theorem in the above proof. How- 
ever, it would be sufficient to use the weaker statement, that there is an open 



24 JOCHEN HEINLOTH 

subset containing the finitely many points x G Ram(t/) on which V can be trivial- 
ized, which is easier to prove. 

The argument for the proof of the following proposition is a simple special case of 
the argument given by de Jong and Starr to produce sections of rationally connected 
fibrations ([9]): 

Proposition 25. Assume that C and Q are defined over a field k. Let B <Z Q be a 
Borel subgroup, V a Q-torsor on C and s G V /B a reduction ofV to B. Denote by 
Vb the corresponding B-torsor on C . 

(1) If H^{C,Vb x^ Ue{g)/Ue{B)) = then the map indg: Buns -^ Bung 
which maps a B-torsor to the induced Q-torsor is smooth in Vb- 

(2) If s,B are given, then there exists another reduction s' £ T'/B{k) such that 
(1) holds for s' . 

Corollary 26 (Reduction to generic Borel subgroups). Let Q be a parahoric Bruhat- 
Tits group scheme over C such that the generic fiber of Q is semisimple and quasi- 
split and let B C G be a Borel subgroup. Then for any locally noetherian scheme 
S and every family V £ Bung (5) there exists a smooth covering S' —^ S such that 
V\C X S' has a reduction to B. 

Proof of Corollary \2(A For every point s G S* we can apply Corollary [23] to obtain 
a reduction 'Ps,b of T^s to B. By the preceding proposition we may further assume 
that the space of reductions of V to Bs is smooth in Vs,Bs i-6-j there is a smooth 
neighbourhood S'^ such that the reduction extends on this neighbourhood. D 

Proof of Provosition \25\ The first part follows from the cohomology sequence: 

H\C,Pb x^LieS) -^H\C,Vx^ LieG) -^ H\C,Pb x'^ Ue{G) / Ue{B)) 

and the fact that the first two groups classify infinitesimal deformations of the B- 
resp. ^-bundle V. 

To show the second part note that Vb x^ Lie(t/)/Lie(Z?)) is the normal bundle 
to the section s. In particular the morphism indg is smooth if the section s is a 
very free curve, i.e. if the normal bundle has no higher cohomology. Now over all 
points X £ C for which Gx is semisimple, the fibres oiV/B — > C are flag varieties - in 
particular these contain very free rational curves and the smoothening argument for 
combs [T7] II, Theorem 7.9 applies: Let xi, . . . a;„ G C be the set of points for which 
Gx is not semi simple. There exist points yi, ■ ■ ■ ,yN C C and very free rational 
curves Pi C {V/B)y. passing through s{yi). Consider C := s{C) U lJi=i Pi- Then 
there exist a deformation C" C V /B of C" such that C" is smooth C". = s{xi) for 
alH = 1 , . . . , n and such that the normal bundle of C" has no higher cohomology. 
Since the degree of C" over C is still 1 the curve C" defines a new section s' which 
satisfies condition ^. D 

Remark 27. Using the strategy of Drinfeld and Simpson one can also use the above 
result to give a different proof of the uniformization theorem for groups splitting 
over a tamely ramified extension. 
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